All "static" spherically symmetric perfect fluid solutions of Einstein's
  equations with constant equation of state parameter and finite-polynomial
  "mass function" by Semiz, Ibrahim
ar
X
iv
:0
81
0.
06
34
v2
  [
gr
-q
c] 
 9 
Fe
b 2
01
1
All “static” spherically symmetric perfect fluid
solutions of Einstein’s equations with constant
equation of state parameter and
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Abstract
We look for “static” spherically symmetric solutions of Einstein’s
Equations for perfect fluid source with equation of state p = wρ. In
order to include the possibilities of recently popularized dark energy
and phantom energy possibly pervading the spacetime, we put no con-
straints on the constant w. We consider all four cases compatible with
the standard ansatz for the line element, discussed in previous work.
For each case we derive the equation obeyed by the mass function or its
analogs. For these equations, we find all finite-polynomial solutions,
including possible negative powers.
For the standard case, we find no significantly new solutions, but
show that one solution is a static phantom solution, another a black
hole-like solution. For the dynamic and/or tachyonic cases we find,
among others, dynamic and static tachyonic solutions, a Kantowski-
Sachs (KS) class phantom solution, another KS-class solution for dark
energy, and a second black hole-like solution.
The black hole-like solutions feature segregated normal and tachy-
onic matter, consistent with the assertion of previous work. In the
first black hole-like solution, tachyonic matter is inside the horizon, in
the second, outside.
The static phantom solution, a limit of an old one, is surpris-
ing at first, since phantom energy is usually associated with super-
exponential expansion. The KS-phantom solution stands out since its
“mass function” is a ninth order polynomial.
∗mail: ibrahim.semiz@boun.edu.tr
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1 Introduction and Motivation
Exact solutions of Einstein’s Field Equations
Gµν = κTµν (1)
are, of course, of interest for various purposes (Here, Gµν is the Einstein
tensor, Tµν the stress-energy-momentum tensor and κ the coupling constant).
Since the equations are very complicated, to find solutions one often makes
simplifying assumptions about the left-hand-side and/or the right-hand-side.
Popular simplifying assumptions about the left-hand-side include staticity
and spherical symmetry. As is well known, the use of both assumptions
together leads to the ansatz [1, Sect.23.2]
ds2 = −B(r)dt2 + A(r)dr2 + r2dΩ2 (2)
for the metric.
Most-often used simplifying assumptions about the right-hand-side of (1)
are that Tµν represents vacuum (i.e. vanishes) or an electromagnetic field
or a perfect fluid. For example, the vacuum assumption, together with the
ansatz (2) gives uniquely the Schwarzschild metric, the simplest and best-
known black hole solution.
The perfect fluid form of Tµν is
Tµν = (ρ+ p)uµuν + pgµν (3)
where ρ and p are the energy density and pressure, respectively, as measured
by an observer moving with the fluid, and uµ is its four-velocity. The use of
this Tµν together with ansatz (2) describes the interiors of static spherically
symmetric stars, for example. But the description (3) is not complete: ρ and
p should also be specified as functions of particle number density, tempera-
ture, etc. One further simplifying assumption, justified under most circum-
stances, is that there is a relation, called an equation of state f(p, ρ) = 0
between p and ρ. In cosmology, one usually assumes that the equation of
state is a proportionality,
p = wρ, (4)
with e.g. w = 0 describing the matter-dominated (or ”pressureless dust”)
case, w = 1/3 the radiation-dominated case, w < −1/3 dark energy, and
w < −1 phantom energy. The latter two concepts have been introduced into
cosmology in the last decade [2, 3], after the discovery of the acceleration of
the expansion of the universe [4, 5].
Now that a good case exists that the universe might be dominated by
dark energy, even phantom energy, one should look for exact solutions with
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these sources. In particular, static spherically symmetric solutions would
be the easiest to find and might be relevant in the contexts of black holes
or static stars. These solutions can be found starting from the ansatz (2),
which for “static” perfect fluid source, (i.e. uµ = u0δµ0 ) leads to the well-
known Oppenheimer-Volkoff (OV) equation [6]
p′ = −(κpr
3 + F )
2r(r − F ) (ρ+ p) (5)
where
F (r) = κ
∫
ρr2dr (6)
is written as F for brevity, and prime denotes r-derivative. F (r) can be
recognized as κ/4pi times the ”mass function” defined in the literature. Into
the OV equation (5) one must put p in terms of ρ via the equation of state,
then ρ in terms of F ′, via (6), eventually getting a differential equation for
F . After solving for F , the metric functions can be found via
A(r) =
r
r − F (r) (7)
B′(r)
B(r)
=
κpr2 + 1
r − F (r) −
1
r
. (8)
The solutions can be interpreted as static only for positive A(r) and B(r),
however. In general, the ansatz (2) admits four classes of solutions, called
NS (the standard case), TD, ND (corresponding to Kantowski-Sachs [8,
Sect.15.6.5], [7] case) and TS in [9]. The ND and TD solutions are not
static, hence the quotes on “static” in the title and abstract. For each class,
one gets a different OV-like equation.
The OV equation is valid in case NS. For equation of state (4), it becomes
(w + 1)F ′(wrF ′ + F ) + 2w(rF ′′ − 2F ′)(r − F ) = 0 (9)
where we put no constraint on w other than that it is a constant. This is a
nonlinear equation whose general solution is difficult to find, unless w = −1
or w = 0, so that one half or the other of (9) vanishes. For other w, one can
attempt a series solution
F (r) =
∞∑
n=0
anr
n (10)
but the recursion expression one gets for an involves all of a0 . . . an−1 and it
seems not possible to even show that (10) converges, let alone find a closed
expression for an.
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We can, however, find all of the finite-polynomial solutions of (9). This
we do in the next section. In fact, we find all finite Laurent polynomials,
i.e. we consider also negative powers1 of r, but find none in case NS. Four of
the found solutions are valid for particular values of w, and two for general
w. While none of the solutions is totally original, the procedure shows that
there are no other finite-polynomial solutions; and in Section 3 we discuss
properties of the spacetimes.
In Section 4, we find all finite-polynomial solutions for F (r) in the TD,
ND and TS cases; and in Section 5 we discuss their properties. In the short
Section 6, we also ask if we can find any solutions with finite-polynomial
A(r). Finally we conclude by pointing out the more interesting, and possibly
original solutions; and emphasizing the main point of this work, that there
are no other solutions under our restrictions.
2 All finite-polynomial solutions for the mass
function from the standard OV equation
In case NS, any power of r less than 3 in F (r) means a diverging density at
the origin; in particular, a constant term corresponds to a point mass there,
while negative powers mean diverging mass function, and therefore seem
unnatural. On the other hand, the meaning of F (r) is different in the TD,
ND(KS) and TS cases, therefore negative powers could be more acceptable.
Before starting the general case, however, let us first consider the special
cases mentioned above, after eq.(9); especially since they also give polynomial
solutions. They are
Solution 1 : w = −1, F (r) = Ar3 + C (11)
Solution 2 : w = −1, F (r) = r (12)
and
Solution 3 : w = 0, F (r) = C. (13)
where in Solutions 1 and 3, C is a constant.
Now, we will consider general (but constant) w. In some cases to be dis-
cussed below, the number of terms in the polynomial will be known. Then,
substitution into eq.(9) gives a certain number of terms, and the analysis re-
duces to straightforward, if possibly tedious, algebra, which can be expedited
1In the rest of this work, we will use “power” also when we really mean “order of the
power”. It should be clear from the context which meaning is intended.
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by the use of symbolic computation software. We will call this the ”brute
force” approach.
Otherwise, we will call the highest and lowest power of r in F (r), m and
m˜. The second-highest, third-highest, second-lowest and third-lowest powers
of r in F (r) we will call n, p, n˜ and p˜ respectively, when they exist; and A,
B, C, A˜, B˜, C˜ will be the respective coefficients. Therefore
F (r) = Arm +Brn + Crp + . . .+ C˜rp˜ + B˜rn˜ + A˜rm˜ (14)
if F (r) has more than five terms. We will substitute the polynomial into the
left-hand-side of (9) and set coefficients of all powers of r equal to zero.
We start the general analysis by considering the coefficient of the highest
power of r in eq.(9), for m > 1:
(w + 1)m(wm+ 1)A2 − 2wm(m− 3)A2 = 0. (15)
Therefore in this case A is arbitrary and
m =
7w + 1
w(1− w) [for m > 1]. (16)
If (16) had given an integer, we would have found the order of the poly-
nomial for arbitrary w. Since it does not, we conclude that in this case finite
polynomial solutions exist for certain values of w only (None at all for w = 0
or w = 1, since eq.(15) cannot vanish for these values).
Of course, one can also solve for w in terms of m:
w =
m− 7±
√
(m− 7)2 − 4m
2m
[for m > 1] (17)
or one can write
w2 =
(m− 7)w − 1
m
[for m > 1]. (18)
Similarly, for m˜ < 0, we can consider lowest power of r in eq.(9) and find
m˜ =
7w + 1
w(1− w) [for m˜ < 0]. (19)
A comparison of eqs. (16) and (19) shows that m > 1 and m˜ < 0 are
not compatible, so that (considering also that m > m˜) we have three possi-
bilities at the top level: (1) m > 1 and m˜ ≥ 0, (2) m˜ < 0 and m ≤ 1, (3)
m, m˜ ∈ {0, 1}. The breakdown of the search for all possible finite-polynomial
5
Case 0: Simple Case 0.1: w = −1→ F1(r) = Ar3 + C
cases giving F2(r) = r
linear equations Case 0.2: w = 0→ F3(r) = C
Case 1: m > 1 Case 1.1: w = −1→ F (r) = Ar3: covered by F1(r)
⇒ No n w = −1
3
→ F4(r) = Ar3
m = 7w + 1
w(1− w), Case 1.2: m = 18 w = 1/2→ fails (noninteger n)
m˜ ≥ 0 n > 1⇒ w = 1/9→ fails (”brute force”)
w rational m = 15 w = 1/3→ fails (”brute force”)
w = 1/5→ fails (”brute force”)
m = 3 w = −1→ fails (improper n)
w = −1/3→ fails (improper n)
Case 1.3: B = 0→ m = 3→ F (r) = Ar3 + C: same as F1(r)
n = 0 or 1 B 6= 0 w = −3 ± 2√2→ fails (improper m)
⇒ A˜ = 0 w = −1/3→ F5(r) = Ar3 + 32r
Case 2: A = 0→ F6(r) = C, w arbitrary; covers F3(r)
m, m˜ ∈ {0, 1} B = 0→ F7(r) = 4ww2 + 6w + 1r, w arbitrary, except −3± 2
√
2
w = −1/5→ F8(r) = 5r +B
Case 3: m˜ < 0 Case 3.1: No n˜→ m˜ = 3→ fails (”brute force”)
⇒ m ≤ 1, Case 3.2: n˜ < 1→ fails (rational w → positive m˜)
m˜ = 7w + 1
w(1− w) Case 3.3: n˜ < 1→ fails (rational w → positive m˜)
Table 1: Breakdown of all finite polynomial solutions of eq.(9) into cases and
subcases
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solutions into a complete set of cases is also shown in tabular form in Table 1.
Case 1. m > 1⇒ w 6= 0, w 6= 1, m˜ ≥ 0.
We ask if n exists and if so, in what range its value is.
Case 1.1. n does not exist ⇒ m = m˜ > 1.
This subcase is amenable to the ”brute force” approach, since F (r) has
a single term. We get m = 3, (since w 6= 0 and m 6= 0), which in turn gives
w = −1 or w = −1
3
. The first solution is the C = 0 special case of solution
1, whereas the second one is
Solution 4 : w = −1
3
, F (r) = Ar3. (20)
Case 1.2. n exists, n > 1.
In this case, the second-highest power of r in eq.(9) is m + n − 1, with
coefficient
(w+1)[m(wn+1)+n(wm+1)]AB−2w[m(m−3)+n(n−3)]AB = 0. (21)
giving arbitrary B and, after elimination of w2 by using (18), the equation
(m− n)[(2m− 2n− 7)w − 1] = 0 (22)
which not only gives n in terms ofm and w, but also means that w is rational.
A careful inspection of (17) shows that there are only three values of m
giving two rational w: 18, 15 and 3, with two attendant w values each. The
”brute force” approach is applicable now and shows that all the m = 18 and
m = 15 cases fail (The m = 3 cases turn out to belong to case 1.3).
Case 1.3. n exists, n = 1 or n = 0.
We put F (r) = Arm + Br + A˜ into eq.(9), and we use eq.(16) in the
coefficients of powers of r. Then, the coefficient of rm−1 gives
AA˜m[1 + (7− 2m)w] = 0. (23)
A and m cannot be zero here. w = 1/(2m− 7), combined with eq.(16) gives
m = 0 or m = 7/2, both of which are unacceptable. Therefore, so we must
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consider A˜ = 0. This also makes the constant term in eq.(9), BA˜(1 + 5w)
vanish. Next we consider the coefficient of r,
B(−4w +B(w2 + 6w + 1)) = 0, (24)
which leads to two subcases:
Case 1.3.1. B = 0.
The coefficient of rm reduces to
2A(m− 3)mw = 0 (25)
which gives m = 3, leading to Solution 1.
Case 1.3.2. B = 4w/(1 + 6w + w2).
Also using eq.(16), the coefficient of rm this time becomes
2A(1 + 3w)(1 + 6w + w2)
(w − 1)2w = 0 (26)
whose w = −3 ± 2√2 solutions give m = 1, therefore are not acceptable for
Case 1, whereas the w = −1/3 solution gives
Solution 5 : w = −1
3
, F (r) = Ar3 +
3
2
r, (27)
which does not include Solution 4 as a special case.
This finishes Case 1, m > 1.
Case 2. m, m˜ ∈ {0, 1}.
In this case, F (r) = Ar + A˜. Then, the ”brute force” approach gives
Solution 6 : w arbitrary, F (r) = C = constant, (28)
a solution that includes Solution 3;
Solution 7 : w arbitrary(except−3±2
√
2 ), F (r) =
4w
w2 + 6w + 1
r (29)
(for w = −3 ± 2√2, the left-hand-side of eq.(9) cannot vanish at all with
F (r) = Ar); and
Solution 8 : w = −1
5
, F (r) = 5r +B. (30)
8
Case 3. m˜ < 0⇒ w 6= 0, w 6= 1, m ≤ 1.
Similar to Case 1,
Case 3.1. n˜ does not exist ⇒ m = m˜.
Since the ”brute force” approach gives m = 3, there is no solution in this
case.
Case 3.2. n˜ exists, n˜ < 1
The coefficient of rm˜+n˜−1 is given by the same expression as eq.(21) with
m→ m˜, n→ n˜, A→ A˜ and B → B˜. This makes again w rational, but now
m˜ must be 18 or 15 or 3, unacceptable because they are positive.
Case 3.3. n˜ exists, n˜ = 1 = m
The ”brute force” approach, with F (r) = Ar + A˜rm˜ gives the unaccept-
able (positive) m˜ values 1 and 3.
This completes all finite polynomial solutions of equation (9). Since So-
lution 3 is a special case of Solution 7, we will not consider it separately in
the following section.
3 Discussion of the solutions found from the
standard (NS) OV equation
To finalize the solutions, we calculate the metric functions A(r) and B(r)
by using (7), (8), (4) and (6). The calculation of B(r) involves an arbitrary
multiplicative constant at the last stage, the change of which is usually inter-
preted as a rescaling of t, therefore physically irrelevant. But such rescaling
cannot change the sign of that constant, so we consider the two choices of
sign as two separate solutions, unless the requirement of correct signature
forces a choice upon us. This happens for solutions 1, 5 and 6, whereas for
solutions 4, 7 and 8 we have consider both signs. The results are shown in
Table 2, where the well-known solutions are indicated in italics.
When the metric functions are negative, the spacetime cannot be sup-
ported by normal perfect fluid, the source fluid must be tachyonic. In other
words, such a spacetime is of type TD in the terminology of [9]. In that
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No. w F (r) A(r) = grr B(r) = −gtt Comments
1 -1 Ar3 + C
1
1−Cr −Ar2
1− C
r
−Ar2 Ko¨ttler (SdS)
2 -1 r ∞ ? –
4 −13 Ar3 11−Ar2 ±1 4a+ (A > 0): ESU;
4a- (A < 0): open, static;
4b: type TD
5 −1
3
Ar3 + 3
2
r − 11
2+Ar
2 −
1
2+Ar
2
r2
5+ (A > 0): type TD;
5- (A < 0): BH-like
6 arbitrary A
1
1−Ar
(1− A
r
) Schwarzschild
7 arbitrary,
except −1,
−3± 2√2
4w
w2+6w+1
r w
2+6w+1
(w+1)2
± ( r
r0
)
4w
w+1 7a: type NS,
incl. static phantom;
7b: type TD
8 −1
5
5r +B
1
C
r −4
±r0
r
8a: type NS;
8b: type TD
Table 2: All finite-polynomial solutions of the equation (9) for the mass
function in the standard (NS) OV case, together with the corresponding
metric functions (Solution 3 does not appear because it is a special case of
Solution 7). The well-known solutions are indicated in italics. Although we
started with the NS OV equation, some of the solutions belong to class TD,
as defined in [9]. In TD solutions, w should be replaced by −w/(1+ 2w). In
Solutions 4, 7 and 8, the upper signs in B(r) apply to solutions a and lower
signs to solutions b. Note that there is also a Solution 9, coming from the
TD OV equation, of type TD or type NS (Sect. 4.1 and sect. 5.1).
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case, the OV equation, (5), is not valid, but still, A(r)-B(r) pairs satisfy the
same equation of pressure isotropy for cases NS and TD. Therefore negative
metric functions found from NS-equations represent a valid TD solution, but
not with the equation of state that one has started with. If the NS equation
of state is (4), the corresponding TD equation of state becomes p = − w
1+2w
ρ.
Solution 1 is the well-known Ko¨ttler (aka Schwarzschild-de Sitter) solu-
tion, the de Sitter part sometimes being called anti-de Sitter if A is negative.
Although Solution 2 satisfies eq.(9), it does not correspond to a spacetime:
The function A(r) is singular, B(r) is indeterminate2.
Solution 4a+ is also well-known: it is the Einstein static universe, with
intimate historical connection to the cosmological constant Λ, equivalent to
w = −1. But this universe also contains matter (w = 0), whose attraction
is precisely balanced by the repulsion of Λ. So the matter density is propor-
tional to Λ and the net effect is equivalent to a single fluid with w = −1
3
.
Of course, “in the universe” Ar2 < 1, so A(r) is positive and the signature
correct. Solution 4a- represents an open static universe, albeit with negative
energy density, and no coordinate restriction.
The third well-known solution in the table is Solution 6, Schwarzschild
solution. It may at first seem surprising that there is no restriction on w.
But since ρ vanishes, the value of w does not matter. In other words, it
corresponds to a situation where all the fluid –whatever its equation of state
parameter is– has already collapsed to the origin. Also, here we do not apply
the usual restriction that A must be positive. If A is negative, the spacetime
will give a naked singularity.
Now we turn to the discussion of less well-known solutions in Table 2.
Solution 4b :
A must be positive for correct signature in this solution. It is a dynamic
spacetime, r being timelike, (it is solution TD1 of [9]) and describes a space-
time that first contracts, then expands in angular directions, while distances
in the orthogonal spacelike direction stay fixed3. Even though we found this
solution for w = −1
3
, the equation of state is actually p = ρ.
Solution 5+ :
2In fact, if one expresses F (r) as the result of some limit process, e.g. F (r) = (1 + ǫ)r
or F (r) = r + ǫ, and takes the limit ǫ → 0, the function B(r) and the kind of divergence
of A(r) depend on the process used.
3The KS-like form of the metric is ds2 = −dτ2 + dρ2 + 1
A
cosh2(
√
Aτ) dΩ2.
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This solution is also of type TD, contracting in the angular directions
and expanding in the orthogonal spacelike direction4 as r → 0, the density
also diverges like 1
r2
. The solution can be identified with the a = 1, b = −1,
m = 0, 1
R2
= A (and the trivial B = 1 or const=1) choice of Tolman VIII [13].
Solution 5- :
Both metric functions switch sign at r = rH =
√
− 1
2A
, so that the space-
time is static (NS) for r > rH and dynamic (TD) for r < rH . As far as test
particle motion is concerned, this spacetime would be that of a black hole;
but it must be supported by normal matter in the NS region, and tachyonic
matter (with p = ρ) in the TD region. As unreasonable as this may seem,
it is the only possible perfect fluid interpretation [9]. Again, the density di-
verges like 1
r2
, near the origin (which is in the TD region).
Solution 7a :
This solution has correct signature only for A(r) > 0, which means that
the solution is valid except for −3 − 2√2 < w < −3 + 2√2 (and it is of
type NS). The cases w < −3 − 2√2, for example, w = −6, represent static
(ultra)phantom solutions. The w = 1
3
case is well-known [1, Prob. 23.10];
the w → ∞ limit, meaning zero density but nonzero pressure, is the metric
called S1 in [10]; other valid cases with integer power of r in B(r) are w = 1
and w = 3.
The density is proportional to 1
r2
, but this is a mild singularity because
the mass function goes to zero as r → 0, i.e. there is no mass point at the
origin. Of course, there is no event horizon, so the singularity is naked.
For test particles, the sign of attraction to the origin is the same as that
of w(1 + w), that is, the origin attractive for w < −3 − 2√2 and for w > 0,
repulsive for −3+ 2√2 < w < 0. On the other hand, the pressure is positive
for all w values, and since p ∝ ρ ∝ 1
r2
, the pressure gradient is always towards
the origin. Naively thinking in terms of ρ, it would seem that both forces
would be pushing a fluid element towards the origin in the ultraphantom case
(ρ is negative), but the ”density of inertial mass” (e.g. [11]), (ρ + p) [here
proportional to w(1 + w)] is positive so that static equilibrium is possible.
These static ultraphantom solutions constitute a counterexample to the
impression in the literature (e.g. see [12]) that everywhere-phantom static
spherically symmetric solutions cannot exist.
This solution can be identified with the n = 2w
w+1
, R→∞ and B = r−
2w
w+1
0
4The KS-like form of the metric is ds2 = −dτ2+A coth2(√Aτ)dρ2+ 12A sinh2(
√
Aτ) dΩ2.
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(or const=r
−
4w
w+1
0 ) choice of Tolman V [13].
Solution 7b :
This is a TD solution (a subcase5 of TD2 of [9]) valid for −3 − 2√2 <
w < −3 + 2√2, except w = −1. Assuming r is future-directed, this space-
time expands in the angular directions, and either expands (for w < −1) or
contracts (for w > −1) in the orthogonal spacelike direction6. An infinite
number of w-values, crowding -1, exist that give integer power of r in B(r).
The density is again proportional to 1
r2
; the solution can be identified with the
almost same subcase of Tolman V [13] as solution 7a, except7 const=−r−
4w
w+1
0 .
Solution 8a :
This solution is type NS. C must be positive and r < C
4
. Interestingly,
radially moving free particles oscillate between a minimum radius and C
4
,
which may be understood in terms of the repulsion of the negative mass point
at the origin (C = −B and F (r) is the mass function) versus the attraction
of the fluid, whose “enclosed active gravitational mass” (e.g. [11]) grows with
r (here, both ρ and ρ+ 3p are positive).
The origin is a naked singularity, and not only due to the negative point
mass there: The scalar curvature is 8
r2
, that is, it diverges without con-
taining C. But, after all, the scalar curvature does not contain M in the
Schwarzschild case, either (in fact, it vanishes). r = C
4
is a type of boundary,
it is a turning point for all radial timelike geodesics.
This solution can be identified with the n = −1
2
, R → −C and B2 = r0
choice of Tolman V [13].
Solution 8b :
This TD solution (with p = ρ/3) can be identified with the n = −1
2
,
R → −C and restriction for negative C, but r must be larger than C
4
for
positive C.
In the latter case, again r = C
4
is a turning point for timelike radial
geodesics, but r is timelike, so this spacetime first contracts in the angular
directions while expanding in the orthogonal spacelike direction, then the
5Which subcase it is depends on the sign of w + 1.
6Metric in KS-like form: ds2 = −dτ2+
(
τ
2
|A|r2
0
) 2w
w+1
dρ2+ τ
2
|A| dΩ
2, where A = w
2+6w+1
(w+1)2 .
7 Tolman chooses const=B2 and later literature reports this form (e.g. [14]).
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evolution reverses.
On the other hand, for negative C, the spacetime expands in the angular
directions while contracting in the orthogonal spacelike direction8, assuming
r is future-directed.
4 All finite-polynomial solutions for F (r) from
the OV-like equations in the TD, ND(KS)
and TS cases
4.1 The TD case
The TD OV equation [9] is
p′ =
(κpr3 + FTD)
2r(r − FTD) (ρ+ p) (31)
where
FTD(r) = −κ
∫
(ρ+ 2p)r2dr, (32)
and the metric functions are found by
A(r) =
r
r − FTD(r) (33)
B′(r)
B(r)
=
κpr2 + 1
r − FTD(r) −
1
r
. (34)
The substitution ρ˜ = −(ρ + 2p) brings the TD OV equation (31) into
the same form as the regular one (5), in terms of ρ˜ and p. When expressed
in terms of FTD(r), with equation of state (4), we get equation (9), but
with the replacement w → − w
1+2w
. Since this is another constant equation
of state parameter, we will not get any finite-polynomial solutions that are
not already in Table 2, unless 1 + 2w = 0. This should not be taken as
an indication that the TD and TS solutions are trivial relabelings; for more
complicated equations of state than eq.(4), the solutions’ mathematical forms
will be different.
For w = −1/2, FTD(r) becomes a constant,
Solution 9 : w = −1
2
, FTD(r) = C. (35)
8KS-like form of the metric is ds2 = −dτ2+ r0
r(τ)dρ
2+r2(τ) dΩ2, where dr
dτ
= ±
√
4− C
r
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4.2 The ND case
The ND OV equation [9] is
ρ′ =
3FND − 4r + κρr3
2r(r − FND) (ρ+ p) (36)
where
FND(r) = −κ
∫
pr2dr (37)
and the metric functions can be found by
A(r) =
r
r − FND(r) (38)
B′(r)
B(r)
=
1− κρr2
r − FND(r) −
1
r
(39)
In this case, FND(r) obeys
(1+w)F ′ND(3wFND−4wr−rF ′ND)+2w(rF ′′ND−2F ′ND)(FND−r) = 0 (40)
To find all finite-polynomial solutions of this equation (dropping label
ND), we follow the same procedure as in Section 2, and show the results in
Table 3.
4.3 The TS case
The TS OV equation [9] is
ρ′ + 2p′ =
3FTS − 4r − κ(ρ+ 2p)r3
2r(r − FTS) (ρ+ p) (41)
where
FTS(r) = −κ
∫
pr2dr, (42)
and the metric functions are found by
A(r) =
r
r − FTS(r) (43)
B′(r)
B(r)
=
1 + κ(ρ+ 2p)r2
r − FTS(r) −
1
r
(44)
Again, for FTS(r), with equation of state (4) we get equation (40), but
with the replacement w → − w
1+2w
, leading to the only potentially new solu-
tions for 1 + 2w = 0. Then, we get two solutions:
Solution 18 : w = −1
2
, FTS(r) = C, (45)
Solution 19 : w = −1
2
, FTS(r) =
4
3
r. (46)
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Case 0: Simple Case 0.1: w = −1→ F10(r) = Ar3 + C
cases giving F11(r) = r
linear equations Case 0.2: w = 0→ F12(r) = C
Case 1: m > 1 Case 1.1: C. 1.1.1: No n→ fails (”brute force”)
⇒ w = 1 C. 1.1.2: n > 1→ fails (coefficient of rm+n−1)
(w − 1)· C. 1.1.3: n = 1 or 0 → fails (”brute force”)
(3w +m) = 0, Case 1.2: C. 1.2.1: No n→ w = −1, F (r) = Ar3 (covered by F10)
m˜ ≥ 0 w = −m/3 C. 1.2.2: n > 1 No p→ fails (”brute force”)
→ m = 2n+ 3 p exists → fails (coefficient of rm+p−1)
C. 1.2.3: n = 1 C. 1.2.3.1: m = 3→ B = 0→
or 0 w = −1, F (r) = Ar3 + C: same as F10
C. 1.2.3.2: C = 0→
1) m = 3→ B = 0: covered by F10
2) w = −3, F13(r) = Ar9 + 98r
Case 2: w arbitrary, F14(r) = C, ; covers F12.
m, m˜ ∈ {0, 1} F15(r) = 4w
2
3w2 − 2w − 1r, w arbitrary, except −
1
3
and 1
w = 1
3
→ F16(r) = −13r +B
Case 3: m˜ < 0 Case 3.1: C. 3.1.1: No n˜→ F17(r) = Cr , w = 1
⇒ w = 1 C. 3.1.2: n˜ < 1→ fails (coefficient of rm+n−1)
(w − 1)· C. 3.1.3: n˜ = 1 → fails (”brute force”)
(3w + m˜) = 0, Case 3.2: C. 3.2.1: No n˜→ m˜ = 3→ fails
m ≤ 1 w = −m˜/3 C. 3.2.2: n˜ = 1 → fails (”brute force”, m˜=1,9)
C. 3.2.3: n˜ < 1 C. 3.2.3.1: No p→ fails (”brute force”)
⇒ m˜ = 2n˜+ 3 C. 3.2.3.2: p < −3→ fails (p˜ = n˜)
(coefficient of C. 3.2.3.3: p > −3→ fails (p˜ = m˜)
rm˜+n˜−1) C. 3.2.3.4: p = −3→ fails (”brute force”)
Table 3: Breakdown of all finite polynomial solutions of eq.(40) into cases
and subcases
16
5 Discussion of solutions found from the OV-
like equations in the other cases
In this section, we calculate the metric functions A(r) and B(r) for each
solution from the previous section by using the relevant formulae, and discuss
the solutions.
5.1 The TD case
For Solution 9, we get
A(r) =
1
1− C/r (47)
which for r < C (only possible if C > 0) gives
B(r) = −r−41

(2r2 + 5Cr − 15C2) +
√
C − r
r

C1 − 15C2 tan−1
√
C − r
r




2
,
(48)
i.e. Solution TD3 of [9].
On the other hand, for r > C we find
B = r−41

(2r2 + 5Cr − 15C2) +
√
r − C
r

C1 + 15C2 ln(
√
r − C +√r√
|C|
)




2
,
(49)
the solution called NS1 in [9], found in [15] and named Kuch68 I in [14]. It
describes a spacetime where pure pressure is in static equilibrium with its
own gravitational attraction.
5.2 The ND(KS) and TS cases
The solutions found for the ND(KS) and TS cases, together with their metric
functions, are shown in Table 4 (Solutions 12 and 18 do not appear because
they are special cases of Solution 14). As in Sect.3, the sign of B(r) is
arbitrary, unless forced by the signature requirement.
The Schwarzschild and Ko¨ttler (SdS) solutions, which appeared in Table
2, are found in this table as well, because they cannot really be classified
in this scheme. Our classification is based upon the nature and direction
of motion of the fluid, but for these solutions, the stress-energy-momentum
tensor is independent of the fluid four-velocity: The uµuν term in Tµν is
multiplied by p + ρ; and p + ρ = 0 for the Ko¨ttler solution, p = ρ = 0 for
Schwarzschild. Hence, these solutions satisfy the equations for all four cases.
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No. w F (r) A(r) = grr B(r) = −gtt Comments
10 −1 Ar3 + C 1
1− Cr −Ar2
1− Cr −Ar2 Ko¨ttler (SdS)
11 -1 r ∞ ? –
13 −3 Ar9 + 98r − 81 + 8Ar8 −
1 + 8Ar8
r6
13+ (A > 0):
type ND(KS),
phantom-filled
dynamic universe;
13- (A < 0): BH-like
14 arbitrary C 1
1− Cr
1− Cr Schwarzschild
15 arbitrary,
except
−1
3
and 1
4w2
3w2 − 2w − 1r −
(w − 1)(3w + 1)
(w + 1)2
± ( rr0)
− 4ww+1 15a (−1
3
< w < 1):
type TS;
15b (otherwise):
type ND(KS), incl.
DE, incl. phantom
16 1
3
−1
3
r +B 3r4r − 3B ±r0r 16a: type TS;
16b: type ND(KS)
17 1 Cr
1
1− C
r2
±1 17a: type TS;
17b: type ND(KS)
19 −1
2
4
3
r −3 −( rr0 )
−4 type ND(KS)
Table 4: All finite-polynomial solutions for F (r) in the ND(KS) and TS cases
as defined in [9]; together with the corresponding metric functions (Solutions
12 and 18 do not appear because they are special cases of Solution 14). In
Solutions 15, 16 and 17, the upper signs in B(r) apply to solutions a and
lower signs to solutions b. The well-known solutions are indicated in italics.
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The other solutions in the table are less well-known:
Solution 13+ :
This solution is type ND (KS), representing a dynamic spacetime filled
with a phantom perfect fluid. Assuming r is future-directed, the spacetime
expands in the angular directions; in the perpendicular spacelike direction,
it first contracts, reaches a minimum, then expands9. It is singular at both
ends of the evolution, that is, at r = 0 and as r → ∞, the first singularity
being in the finite past, the second in the infinite future. Of course, these
attributes switch if r is past-directed.
Solution 13- :
This solution, like Solution 5-, represents a black hole spacetime, as far as
test particle motion is concerned; but it must be supported by two different
fluids on the two sides of the horizon: tachyonic fluid in the outside, static
region and normal fluid in the dynamic region inside/in the future.
Solutions 15a :
This is a TS solution. For positive w, that is, for 0 < w < 1 radially
incoming test particles are reflected near the origin back to infinity, whereas
for negative w, that is, −1
3
< w < 0, the origin constitutes a potential well
from which they cannot escape.
Solutions 15b :
This solution is identical to the C1 = 0 special case of Solution ND2
of [9]. If r is future-directed, it expands in the angular directions, and it
expands or contracts in the perpendicular spacelike direction, if the sign of
w
w+1
is negative or positive, respectively10. Note that this means expansion
for non-phantom dark energy (−1 < w < −1
3
) and “radial” contraction for
phantom energy.
9The KS form of the metric is ds2 = −dτ2 + 1+8Ar8(τ)
r6(τ) dρ
2 + r2(τ) dΩ2, where
dr
dτ
= ±
√
Ar8 + 18 .
10The KS form of the metric is ds2 = −dτ2 +
(
τ
2
r2
0
|A|
)− 2w
w+1
dρ2 + τ
2
|A| dΩ
2, where
A = − (w−1)(3w+1)(w+1)2 .
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Solution 16a :
This is a TS solution, where we must have 4r > 3B, i.e. we have a re-
striction on r if B is positive. Either way, the equation of motion for test
particles shows that tachyonic w = 1
3
fluid is repulsive, consistent with the
solution 15a.
Solution 16b :
This is an ND (KS) solution, where 4r < 3B. It represents a radiation-
filled universe that expands and recollapses in angular directions while con-
tracting and reexpanding in the perpendicular spacelike direction11; first
found in [16].
Solutions 17a :
This solution is identical to solution TS1 of [9], where we must have
r2 > C. For positive C, r0 =
√
C is a turning point for radial geodesics; for
negative C, there are no such turning points.
Solutions 17b :
This is solution ND1 of [9], apparently first found in [17], describing a
finite-lifetime universe containing stiff matter, expanding and recollapsing in
the angular directions12.
Solution 19 :
This solution is the C1 = 0, A = −3 special case of solution ND2 of
[9], describing a spacetime containing pressure, but no density (because it
is an ND (KS) solution found from the TS equations, its equation of state
is not p = −ρ
2
); expanding in angular directions while contracting in the
perpendicular spacelike direction13, if r is taken to be future-directed.
11The KS form of the metric is ds2 = −dτ2+ r0
r(τ)dρ
2+r2(τ) dΩ2, where dr
dτ
= ±
√
B
r
− 43 .
The arbitrary r0 must be chosen as
3
4B for agreement with [16], p.1684.
12The KS form of the metric is ds2 = −dτ2 + dρ2 + (C − τ2) dΩ2.
13The KS form of the metric is ds2 = −dτ2 + ( τ0
τ
)4
dρ2 + τ
2
3 dΩ
2.
20
6 Finite-polynomial A(r)?
Another possible way to look for solutions is to work in terms of A(r) rather
than F (r) by using equation (7). This leads to an equation with terms
second to fourth order in A(r) and/or its derivatives. In trying to find a
finite-polynomial solution for A(r), if the highest power of r in A(r) is m,
the highest power of r in the equation is 4m + 1; but it is multiplied by
A2(w+1)2 in cases NS and TD, and −A2(w+1)2 in cases ND and TS; unless
m = 0. Setting the trivial w = −1 case aside, therefore, the highest possible
value for m is zero. A similar argument shows that the lowest power in the
A(r) polynomial must be zero or higher. Hence the only finite polynomial
A(r) can be for equation of state (4) is a constant.
7 Summary and Conclusions
We have considered spherically symmetric perfect fluid solutions in Gen-
eral Relativity and found all finite-polynomial solutions -including negative
powers- of the equation satisfied by the so-called ”mass function” and its
mathematical analogs for the equation of state p = wρ; and discussed the
associated spacetimes.
The equation for the mass function follows from the Oppenheimer-Volkoff
(OV) equation in the standard case where the fluid is static and normal (i.e.
timelike fluid four-velocities, uµuµ = −1). However, the metric ansatz used
in that analysis can also accomodate cases where the spacetime is dynamic
in a certain way, or the fluid is tachyonic; as discussed in [9]. In these other
cases analogous, but different functions exist, satisfying their own equations.
The solutions we found for the standard case, NS, are mathematically not
very original; they are either some limiting cases of solutions found long ago
by Tolman [13] or simple modifications thereof. Some aspects of the physical
nature of these solutions can be seen in new light however, considering the
classification in [9] and newly cosmologically relevant concepts of dark energy
and phantom energy. The solutions (Table 2) include dynamic spacetimes
supported by tachyonic fluids (4b, 5+, 7b and 8b) and a static spacetime
containing a w = −1
5
fluid around a negative point mass (8a). The TD case
gives two extra solutions, one describing a spacetime where pure pressure is
in static equilibrium with its own gravitational attraction.
Some interesting solutions are also found from the ND(KS) and TS cases
(Table 4): There are static solutions supported by tachyonic fluids (15a, 16a,
17a), the first two presumably original. Some solutions (13+, 15b, 16b, 17b,
19) are of the Kantowski-Sachs (KS) class: Solutions 16b, 17b and 19 describe
21
dynamic KS-universes containing radiation, stiff matter and pure pressure,
respectively.
We would like to particularly point out the following solutions:
• Solution 5- is a black hole-like spacetime, which must be supported by
normal matter outside the horizon and tachyonic fluid on the inside.
• Solution 7a for w < −3 − 2√2 represents, perhaps unexpectedly, a
family of static “ultraphantom” solutions.
• Solution 13+ is a phantom KS solution, probably new.
• Solution 13- is similar to Solution 5-, a black hole-like spacetime, sup-
ported by segregated normal and tachyonic matter, except in this so-
lution, the tachyonic fluid is outside and normal fluid is inside. It was
concluded in [9] that black holes supported by perfect fluids cannot be
“simple”.
• Solutions 13+ and 13- both have by “mass functions” containing the
9th power of r, therefore grr containing r
8 in the denominator and gtt
containing r−6.
• Solution 15b can also be valid for dark energy, including phantom,
exhibiting anisotropic expansion for non-phantom dark energy.
There are no other solutions where F (r) is a finite polynomial of r for the
assumed equation of state. One can also express the problem(s) in terms of
A(r), and then try to find finite polynomial solutions. The only such solution
is A(r)=constant.
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